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A NATURAL HERMITIAN METRIC ASSOCIATED WITH LOCAL
UNIVERSAL FAMILIES OF COMPACT RICCI-FLAT KÄHLER
MANIFOLDS
GUNNAR ÞÓR MAGNÚSSON
Abstract. Let pi : X → S be a local universal family of compact Ricci-flat
Kähler manifolds over a smooth base S . The complexified Kähler cones
of each fiber of the family form a holomorphic fiber bundle K → S . We
show that there exists a natural hermitian metric ω on the fiber product
X ×S K. We then discuss the example of elliptic curves in some detail.
1. Introduction
Let X0 be a compact Kähler manifold with zero first Chern class. Ex-
amples of such manifolds include complex tori, Calabi-Yau manifolds, and
hyperkähler manifolds. Consider a local universal family pi : X → S of de-
formations of X0 over a base S , which may be taken to be smooth by the
Bogomolov-Tian-Todorov theorem [4]. A. Nannicini [2] and G. Schumacher
[3] have constructed a Weil-Petersson metric on polarized families of such
manifolds, proven that this metric is Kähler, and estimated its curvature.
However, not every family of such manifolds can be polarized, as ob-
structions arise when the Hodge decomposition of the degree 2 cohomol-
ogy groups of the fibers varies. An example is given by the family X of
complex tori of dimension n ≥ 2 parametrized by n× n complex matrices s
whose imaginary part is positive-definite. Thus the methods of Nannicini
and Schumacher do not apply to arbitrary families of compact Kähler man-
ifolds with zero first Chern class.
We overcome this difficulty by adding the data of complexified Kähler
classes of each fiber to the family pi : X → S . The choice of a polarization of
X , if one exists, corresponds to a subvariety of this larger space. In this note
we outline the construction of a natural hermitian metric on this space. We
then review the case of elliptic curves.
2. Construction of the hermitian form
Let X be a compact Kähler manifold. A complexified Kähler class on X is a
(1,1)-cohomology class α whose imaginary part contains a Kähler metric.
The set of complexified Kähler classes on X is denoted by KC(X). It is an
open cone in H1,1(X,C).
Let pi : X → S be a local universal family of Kähler manifolds over a
smooth base S . Under our hypotheses, there exists a holomorphic vector
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bundle p : E1,1 → S whose fiber over s is E1,1s = H1,1(Xs,C). It is equipped
with a connection ∇.1 We denote by K the subset of E consisting of the
complexified Kähler classes on each fiber. By a theorem of Kodaira-Spencer
[1] the subset K is open in E. Thus it has the structure of a holomorphic
fibration over S , and inherets the connection ∇ on E1,1.
We work over the fiber product X ×S K
ν
−→ S , where ν is induced by pi
and the projection onto X . As S is smooth the fiber product is a smooth
complex manifold. It is also a holomorphic fibration over S , and its fiber
over s is the product Xs×KC(Xs). A point of X ×SK is a triple (z,α,s), where
z is a point on the manifold Xs, α is a complexified Kähler class on Xs, and
s is a point of S .
Denote the projections from X ×S K to X and K by prX and prK, re-
spectively. Note that the relative tangent bundle of K is p∗E1,1 and that
ν = p ◦ prK. The relative tangent bundle of a fiber product splits holomor-
phically, so there is a short exact sequence
(1) 0 −→ pr∗XTX /S ⊕ ν
∗E1,1 −→ TX×SK
ν∗
−→ ν∗TS −→ 0
of holomorphic vector bundles over X ×S K.
Observation 1. There are natural hermitian metrics on on the left hand
and right hand terms of the exact sequence. We sketch their construction:
Proof: Restrict the short exact sequence (1) to a point (z,α,s) of the man-
ifold. By Yau’s solution of the Calabi conjecture [5] there exists a unique
Ricci-flat Kähler metric g in Imα. This metric gives a hermitian inner prod-
uct g(z) on pr∗XTX /S,(z,α,s) = TXs ,z.
The Kählermetric g also induces a L2 hermitian inner product on ν∗E1,1(z,α,s) =
E1,1s via passage to g-harmonic forms and integration over Xs .
Thirdly, the metric g gives a hermitian inner prodcut on the vector space
H1(Xs,TXs ) by the same process as above. This gives rise to a hermitian form
on ν∗TS,(z,α,s) = TS,s via pullback by the Kodaira-Spencer morphism of the
family pi : X → S . This form is a metric as the family considered is effective.
Finally note that g is the solution of a non-linear elliptic Monge-Ampère
equation which depends smoothly on α and s. Thus g varies smoothly with
these parameters. As the inner products above vary smoothly with g , they
define smooth hermitian metrics on each vector bundle. 
Observation 2. Siu’s method of constructing canonical lifts defines a
smooth lifting of ν∗TS into pr
∗
XTX at the given point. A sketch of the con-
struction is as follows:
Proof: Let (z,α,s) be a point of X ×S K. Let g be the Ricci-flat Kähler
metric in Imα, and let ρ be the Kodaira-Spencer morphism of the family
pi : X → S . We lift a section ξ of ν∗TS to a smooth section η of pr
∗
XTX which
satisfies that ∂¯η |Xs is g-harmonic. A rigorous construction of this lift can
be carried out via the theory of harmonic forms on complex manifolds and
the use of a relative Green operator. The details will be in the author’s PhD
1If E2 → S is the bundle whose fibers are E2s = H
2(Xs ,C), then there is a real-analytic
inclusion of E1,1 into E2 and a smooth projection E2 → E1,1. The connection ∇ is induced
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thesis. The section η is seen to depend smoothly on g and the parameters
(z,α,s), so we obtain a smooth lift of ν∗TS into pr
∗
XTX . 
Now recall that we have a connection ∇ on K. This connection induces
a smooth lift of ν∗TS into pr
∗
KTK by standard constructions in differential
geometry. Together the two lifts define a smooth lift of ν∗TS into TX×SK, and
thus give a smooth splitting of the short exact sequence (1). Consequently:
Theorem 2.1. There is a natural smooth hermitian metric ω on the fiber
product X ×S K.
We recall that the Ricci-flat metrics in each Kähler class are unique. One
can use this uniqueness to prove that the metric ω is compatible with base
change B→ S , and thus descends to any moduli space.
3. A simple example
3.1. Calculation of the natural metric. Let us recall some conventions
and notations.
An elliptic curve X is a compact complex curve of genus 1. Its canonical
bundle is trivial, so it is a compact Kähler manifold with zero first Chern
class. Choosing a point of X makes the curve into a commutative Lie group.
A marking of an elliptic curve is the choice of a basis of H1(X,Z), or equiv-
alently, the choice of a lattice Λ such that X = C/Λ. One can always choose
a marking such that Λ =Z⊕ sZ for some s in the upper half-planeH.
Elliptic curves with the choice of a point are parametrized by the orb-
ifold M1,1, and marked elliptic curves are parametrized by the half-plane
H. There is a morphism H → M1,1 given by passage to the quotient by
the action of SL2(Z) on H. The space H is a fine moduli space for marked
elliptic curves.
There is a universal family pi : X →H. It can be constructed as the quo-
tient of the space C ×H by the action of the group G = {gn,m |gn,m(z, s) =
(z+n+ms,s)}. A universal family overM1,1 is then obtained by quotienting
again by SL2(Z), whose action lifts to the family overH.
The fibration of complexified Kähler cones K over H is trivial. We will
identify it with the product H ×H, where the couple (α,s) corresponds to
the cohomology class on Xs defined by
α
Ims
i
2dz∧dz¯. The action of the group
G on C ×H extends to the fibration of Kähler cones. The extension acts
trivially on the Kähler cones, so the fiber product X ×HK is the quotient of
the space C ×H ×H by the group G˜ = {gn,m |gn,m(z,α,s) = (z + n +ms,α,s)}.
Let us denote the morphism of passage to the quotient by q. Calculations
show that:
Proposition 3.1. Let ω be the natural hermitian metric on X ×HK. Its pull-
back to C×H×H is
(2) q∗ω =


gX /S 0 gX /S a
0 gL2 0
agX /S 0 gWP + agX /S a


where gX /S (z,α,s) =
α−α¯
s−s¯ , gL2(z,α,s) =
i
2
1
α−α¯ , gWP (z,α,s) =
i
2
α−α¯
(s−s¯)2 and a(z,α,s) =
− z−z¯s−s¯ .
Direct calculations show that thismetric is merely hermitian, not Kähler.
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3.2. Fibrations and metric. Choose a point s0 ∈H and let K0 be the fiber
of K over s0. As the fibration K is trivial over H, then all that follows will
not depend on the choice of the point s0.
The fiber product X ×HK is now equipped with two holomorphic fibra-
tions ν : X ×H K → H and η : X ×H K → K0. These fibrations are induced
by the projection onto each of the copy of the half-plane H in the product
C×H×H.
The choice of a fiber of each fibration has a natural interpretation: choos-
ing a fiber of ν means fixing a complex structure on the 2-torus R2/Z2 and
letting the symplectic structures on that torus vary; while choosing a fiber
of η corresponds to choosing a polarization of the family pi : X → H. It
turns out that a normalized version of the natural metric ω is aware of
these fibrations.
Theorem 3.2. Denote the volume of Xs with respect to the complexified
Kähler class α by Vol(Xs,α) = Imα. The normalized hermitian metric ωU :=
1
Vol(Xs ,α)
ω becomes Kähler when restricted to any fiber of either ν or η.
The current proof of this theorem is by a direct calculation on the space
C ×H ×H. One can show that the action of SL2(Z) lifts to the fiber prod-
uct, that the metric ω is invariant under this action, and that the fibrations
descend to the quotient. Thus the theorem also holds on the fiber product
overM1,1.
3.3. An isometry. Inspired by the interpretation of mirror symmetry in
the case of elliptic curves, we have constructed a self-diffeomorphism ϕ
of the fiber product X ×H K. This diffeomorphism is induced by the map
(z,α,s) 7→ (L(α,s)(z), s,α) on the space C×H×H, where L(α,s) is the unique
R-linear endomorphism of C which sends the basis (1, s) to (1,α). This en-
domorphism induces a diffeomorphism between the elliptic curves Xs and
Xα . The diffeomorphismϕ exchanges the two holomorphic fibrations ν and
η constructed above.
Theorem3.3. Equip the fiber productX×HKwith the normalized hermitian
metric ωU considered above. Then ϕ is an auto-isometry of X ×HK.
The proof of this theorem is again by direct calculations. As before, the
action of SL2(Z) onH lifts to an action of the fiber product X ×HK, but the
diffeomorphism ϕ is not invariant under this action. Thus we do not get a
version of this theorem overM1,1.
References
1. K. Kodaira and D. C. Spencer, On deformations of complex analytic structures. III. Stability
theorems for complex structures, Ann. of Math. (2) 71 (1960), 43–76. MR 0115189 (22
#5991)
2. Antonella Nannicini,Weil-Petersson metric in the moduli space of compact polarized Kähler-
Einstein manifolds of zero first Chern class, Manuscripta Math. 54 (1986), no. 4, 405–438.
MR 829406 (87k:32038)
3. Georg Schumacher, On the geometry of moduli spaces, Manuscripta Math. 50 (1985), 229–
267. MR 784145 (86j:32049)
4. Gang Tian, Smoothness of the universal deformation space of compact Calabi-Yau manifolds
and its Petersson-Weil metric, Mathematical aspects of string theory (San Diego, Calif.,
4
1986), Adv. Ser. Math. Phys., vol. 1, World Sci. Publishing, Singapore, 1987, pp. 629–
646. MR 915841
5. Shing Tung Yau, On the Ricci curvature of a compact Kähler manifold and the com-
plex Monge-Ampère equation. I, Comm. Pure Appl. Math. 31 (1978), no. 3, 339–411.
MR 480350 (81d:53045)
Institut Fourier, 100 rue des Maths, BP 74, 38402 St Martin d’Hères
E-mail address: gunnar.magnusson@fourier.ujf-grenoble.fr
5
